The use of weighted averaging in spectroscopy studies improves statistical
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Purpose

Typically, in vivo magnetic resonance spectroscopy (MRS) studies aim to determine an
underlying biological diﬀerence between groups of subjects by comparing quantities of
interest that are computed from spectra acquired from multiple individuals. For example,
the ratio of the amplitude of a small molecule spectral peak to a concentration standard
is commonly computed per individual, such as the phosphocreatine to ATP (PCr/ATP) ratio
in cardiac 31P-MRS,[1] or the 13C-bicarbonate to 13C-pyruvate ratio in hyperpolarised 13CMRS.[2]
MRS studies are typically characterised by a highly variable signal-to-noise ratio between
individuals and over time, resulting in acquired data that is of variable quality. Most
spectroscopic quantiﬁcation algorithms such as AMARES,[3] VARPRO,[4] or Bayesian
methods[5,6] return an estimate of the measure of uncertainty in the resultant ﬁtting of
spectral peaks: AMARES returns the Cramér-Rao Lower Bound (CRLB) of amplitude
uncertainty directly;[7,8] for Bayesian methods such a measure of uncertainty would be
the width of the posterior probability distribution function.[9] Often this uncertainty is
used as an inclusion threshold in spectroscopy studies.[10] We wished to investigate the
eﬀect of population-level weighted averaging using quantiﬁcation uncertainty as the
weights.
Theory and Methods
Theory: Spectral ﬁtting algorithms return quantities of interest and estimates of uncertainty on those parameters, typically the CRLB derived
from the Fisher information matrix of the ﬁt, F ij .

It can be shown that given two peaks of amplitude x and y with associated CRLBs σx and
σy where σx /x ≪ 1 and σy /y ≪ 1 , and neither x nor y are close to zero (i.e. 'errors are
small'), then the distribution of their ratio is approximated by the normal distribution with
mean μ = x/y .[11] In this case, the width of the distribution is
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An elementary statistical result is that an unbiased estimator for the mean (r̄ ) of the
population of these ratiometric measurements is given by the weighted sum
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where n is the number of measurements made. Statistical tests (e.g. t -tests) can then be
performed using σ̄ r .
Simulation: Two populations (n = 6) of 31 P cardiac MRS spectra were generated. One
population was nominally "healthy" in which the population PCr/γ -ATP peak ratio was
taken to be 1.95 exactly, and one nominally "diseased", where PCr/γ -ATP was 1.6. Spectra
were ﬁtted with AMARES and then population-level weighted averaging performed as
above.
Retrospective analysis: The authors of two previously published spectroscopy studies were
contacted and asked to provide data for re-analysis: Dodd et al.[12] in which a study of
hyperpolarized pyruvate metabolism was investigated in the SHR rat (and the
bicarbonate/pyruvate ratio reported), and Levelt et al.,[13] in which the myocardial PCr/ATP
ratio of type-2 diabetics is shown to be distinct from that of controls. Spectra were reanalysed as outlined above.
Results
The correct propagation of uncertainty improved statistical power in all groups considered.
Simulation: The unweighted mean and standard deviation of the 'healthy' and 'diseased' groups were 1.80 ± 0.21 and 1.56 ± 0.18 respectively,
compared with weighted estimates of 1.84 ± 0.04 and 1.57 ± 0.03 , which is graphically illustrated in Fig. 1. Accordingly, the estimated g ∗
eﬀect size increased from 1.519 to 1.703 , and the p value returned from a t -test between the two groups was p = 0.051 when data were given
equal weight, or 0.024 if uncertainty propagated as proposed. The estimated mean did not appreciably change.
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Retrospective analyses: As illustrated in Fig. 2, weighted averaging reduced the population variance in SHR animals from 2.1 × 10
to
2.0 × 10−4 , and in control animals from 1.4 × 10−4 to 1.2 × 10−4 . The mean changed slightly, from 0.053 to 0.057 in control animals, and
from 0.094 to 0.096 in SHR animals, and Student's p decreased by a factor of 46 by using weighted averaging.
For the diabetic PCr/ATP ratio, the use of weighted averaging reduced σ by ∼
reduced the p value from 0.0031 to 0.00058 (Fig. 3).

7%, increased the g ∗ eﬀect size from 0.884 to 0.985 , and

Discussion
Variation in spectral quality occurs on physical grounds, and therefore variation in the quantiﬁcation uncertainty of MRS spectra should not be
neglected. These short examples have demonstrated the beneﬁts of correctly propagating uncertainty in spectroscopy studies, improving
statistical power in a mathematically justiﬁed fashion (summarised in Fig. 4). This increase in power implies that n could be reduced without
compromising power, and additionally the ability to use data that may have failed to meet an inclusion threshold could mean a reduction in
scan time and/or unused datasets.

Conclusion
It is proposed that the study-level adoption of methods that incorporate estimates of uncertainty will allow the maximal use of data that has
been acquired with varying precision.
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Figures

Fig.1: A : Simulated PCr/ATP ratios together with population estimates of the mean (ﬁlled circle) and standard deviation (lines in x and y ) for both
the weighed (blue) and unweighted (red) analysis methods. A reduction in the estimated population standard deviation is reﬂected by the use
of the weighted method. B : Simulated statistical power for distinguishing the diﬀerence in PCr/ATP for the two populations of n 1 or n 2 subjects,
shown as a function of n 1 and n 2 for both conventional and weighted analysis methods. Reﬂecting the decrease in estimated variance, the use
of a weighted analysis improves apparent statistical power.

Fig. 2: A : Bicarbonate-to-pyruvate ratios for the two populations of SHR and control rats. As in Fig. 1A
A the weighted method reduced the
apparent population variability (standard deviation shown as lines in x and y ) and slightly adjusted the estimates of the mean (ﬁlled circles). B
B:
A contour plot denoting the estimated power of SHR study via the weighted (broken lines) and unweighted (solid lines) analysis methods as a
function of the number of animals in each group. Similarly, paralleling the simulation shown in Fig. 1B
B, the use of weighted averages increased
statistical power by a maximum of 0.05.

Fig. 3: A
A: Obtained estimated cardiac PCr/ATP ratios for T2DM patients and matched controls, together with estimates of the population mean
and standard deviation by both conventional and weighted approaches. The estimated biological variation in the population is reduced by the
use of weighted averages; correspondingly, the estimated eﬀect size is changed, and statistical power increases (B
B), leading to a notable
reduction in the number of subjects required at the 90% power level, from 28 to 23 as illustrated.

Fig. 4: An overview of the proposed analysis method. A : A common design of spectroscopy studies is to look for diﬀerence in peak ratios
between groups, e.g. the bicarbonate/pyruvate ratio between healthy and SHR rats. Not all NMR spectra are acquired with equal SNR, and
therefore have associated peak heights and diﬀering uncertainties. B
B: One can hence obtain estimates of ratios of peaks, including a measure
of uncertainty on that ratio. C : By mathematically propagating this uncertainty correctly, better estimates of the mean quantity of interest for
each of the two groups studied can be obtained.

